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ABSTRACT
Sufficient dimension reduction (SDR) in survival regression aims to identify low-dimensional structures that preserve the relation-
ship between survival time and predictors. Classical SDR methods, such as sliced inverse regression (SIR), rely on strong assump-
tions such as linearity, constant variance and coverage conditions, which are often violated in practical data. To address this issue, 
we propose an SDR framework for survival regression under non-elliptical predictor distributions. The proposed fused Cox propor-
tional hazards with transformation-mean methods estimate the survival informative predictor subspace by integrating three com-
ponents: the Cox proportional hazards direction, single response transformations and kernel fusion over multiple slicing schemes. 
Numerical studies and real data analysis show that our proposed methods outperform existing SIR-based approaches, particularly 
when the linearity condition fails. They also remain robust across various sample sizes, predictor dimensions and censoring levels. 
Overall, the proposed fused methods offer a reliable tool for dimension reduction in survival regression.

1   |   Introduction

Sufficient dimension reduction (SDR) seeks a low-dimensional 
linear transformation of predictors that preserves the regression 
information. In survival regression T|X with high-dimensional 
X ∈ ℝ

p, a central goal of SDR is to find B such that 

where FT|X(⋅) stands for a conditional distribution function 
of the survival time T given X, and B is a p× q matrix with 
q ≤ p. Statement (1) indicates that the lower-dimensional, lin-
early transformed predictor B⊤X can replace the original p
-dimensional predictor X without loss of information on the re-
gression T|X. The equivalence in (1) can be rephrased as follows: 

where ⊥⊥ denotes statistical independence.

We denote �(B) as the column space of a matrix B. Among all 
possible dimension reduction subspaces for the survival regres-
sion T on X, the intersection is called the central subspace, de-
noted by �T|X. The central subspace is minimal and unique, and 
its dimension d is referred to as the structural dimension. 
Hereafter, let � ∈ ℝ

p× d be a true orthonormal basis of �T|X, 
where �⊤X represents a true sufficient predictor.

Practically, recovering a matrix B that satisfies (1) is not directly 
feasible from the observed data of T and X, because the true sur-
vival time T is not fully observable due to censoring. To accom-
modate this aspect of the survival regression, a nonparametric 
dimension reduction approach was introduced by Cook  (2003). 
This method extended the sliced inverse regression (SIR; Li 1991) 
to censored data through a bivariate slicing of (Y , �), where Y  is 
the observed survival time and � is the event indicator. Under this 
approach, Yoo and Lee (2011) further developed nonparametric 
methods to test predictor effects in survival regression. The Cook 
approach will be discussed in detail in Section 2.1.

(1)FT|X(⋅) = FT|B⊤X(⋅),

(2)T⊥⊥X|B⊤X ,
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The Cook approach requires the following crucial assumption: 
E(X|B⊤X) is linear in B⊤X. This condition is satisfied if X is el-
liptically distributed, and a multivariate normal distribution is 
one of them. When X is non-elliptical, the linearity condition 
may fail, resulting in degraded or misleading estimates (Li and 
Dong  2009). Therefore, it is a fundamental issue to examine 
whether the linearity condition holds.

A popular way to check the condition is to investigate a scat-
terplot matrix of the predictors. If pairwise relationships show 
marginal linearity, the condition seems satisfied, but unob-
served nonlinearity among predictors may still exist. So if the 
linearity condition fails, one may power-transform or reweight 
the X to approximate ellipticity according to Cook (2003) and Li 
and Dong (2009). However, if p is high, power-transformation 
may not be feasible, and reweighting is computationally inten-
sive due to the deletion of observations.

To overcome these limitations, we extend an SDR method for 
non-elliptical predictors to survival regression. Specifically, we 
introduce a target subspace called survival informative predictor 
subspace (survival IPS). The survival IPS extends the informa-
tive predictor subspace of Yoo (2016) to censored data and con-
tains the central subspace proposed by Cook (2003).

Methodologically, there are three key steps in the estimation. 
First, an initial direction is obtained from the Cox proportional 
hazards model to guide the slicing of X. Second, (Y , �) are trans-
formed into one-dimensional response using either reweighting 
or mean imputation, following Datta et al.  (2007). Finally, we 
fuse information across multiple slicing schemes by combining 
several kernel matrices into a single fused kernel matrix. This 
fusing procedure inherits the robustness of fused SIR (Cook and 
Zhang 2014) while adapting it to non-elliptical survival data.

The key point is that, under censoring and non-elliptical pre-
dictors, the main difficulty is not only to reduce dimension but 
also to target a subspace that is well-defined and yields reliable 
estimation. The survival IPS provides such a target by avoiding 
reliance on the linearity condition while still retaining the re-
gression information relevant to T|X. The Cox-guided slicing, 
one-dimensional transformation of (Y , �) and the fusion across 
slicing schemes improve stability by reducing imbalanced slices 
due to censoring and sensitivity to tuning choices.

The organization of the paper is as follows. Section  2 reviews 
existing SDR methods under censoring and non-elliptical pre-
dictors, as well as fused SIR approach. In Section 3, the survival 
IPS is newly defined, and its estimation procedure is devel-
oped. Numerical studies and real data example are presented in 
Section 4. We summarize our work in Section 5.

2   |   Literature Review

2.1   |   SDR in Survival Regression

In survival regression, we typically deal with survival time 
T, censoring time C and a set of predictors X. The observed re-
sponse is represented as Y = T� + C(1− �), where 𝛿 = I(T < C) 
indicates event occurrence (1 = event, 0 = censored). Again, the 

primary aim in SDR for survival regression is to estimate the 
central subspace �T|X. However, due to censoring, bivariate SIR 
(Cook 2003) instead focused on estimating �(Y ,�)|X from the ob-
servable pair (Y , �) on X.

Unlike the commonly used C⊥⊥T|X, bivariate SIR only re-
quires weaker conditions. The fundamental condition is 
(T,C)⊥⊥X|B⊤X, where B⊤X are sufficient predictors for the re-
gression of T on X. This can be decomposed into the following 
sub-conditions (eq. 12; Cook 2003): 

Here, (A2) assumes that censoring may depend on X only through 
B⊤X, without requiring marginal independence between T and 
C. Under these conditions, �(Y ,𝛿)|X ⊆ �(T ,C)|X = �T|X, suggest-
ing that the sufficient predictors for the observable regression 
(Y , �)|X are also sufficient for T|X.

In bivariate SIR (Cook 2003), the sample is first separated ac-
cording to �, and then Y  is sliced within each group. Let h1 de-
note the number of slices among events (� = 1) and h0 among 
censored observations (� = 0). The total number of slices is 
H = h0 + h1, where the choice of (h0, h1) balances the detail 
and robustness. After the slicing, the analysis proceeds in the 
spirit of SIR: X is standardized and the inverse conditional 
mean is computed within each slice. Leading eigenvectors of 
the SIR kernel matrix estimate �(Y ,�)|X, and under (A1) and 
(A2) (3), target �T|X.

Although effective, bivariate SIR has two notable limitations. 
First, its estimation can be sensitive to the choice of (h0, h1). Yoo 
et al. (2016) suggest that this can be alleviated by transforming 
(Y , �) into a single response, Yr or Ym. The details of this trans-
formation are described in Section 3.2. Second, the method as-
sumes that X satisfies the linearity condition, which may not 
hold for non-elliptical distribution. This motivates the use of in-
formative predictor subspace (Yoo 2016) framework, which will 
be discussed in the following Section 2.2.

2.2   |   Informative Predictor Subspace

An informative predictor subspace (IPS; Yoo  2016) was intro-
duced to address the limitations of classical SDR methods that 
rely on linearity, constant variance and coverage conditions. 
The key idea is to define a subspace that contains the central 
subspace even when these conditions fail. The development in 
this subsection is stated in the general SDR setting and is not 
specific to survival regression. It is reviewed here because it pro-
vides the conceptual basis for the survival IPS.

Let � be a p× q orthonormal basis matrix with q ≤ p for a di-
mension reduction subspace of a general response Y |X. The IPS 
associated with � is defined as 

where � = cov(X). This subspace captures the variation of X 
through its conditional means given sufficient predictors �⊤X , 
and it satisfies �Y|X ⊆ �

IPS
�

. Hence, �IPS
�

 serves as a broader target 
space that retains the information on Y |X.

(3)(A1) T⊥⊥X|B⊤X and (A2) C⊥⊥X| (B⊤X,T).

(4)�

IPS
�

= �
− 1
�{E(X|�⊤X)−E(X)}
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Key properties of �IPS
�

 are notable.

•	 R.IPS1: For a p× p nonsingular matrix A, A− 1
�

IPS
�

 is an 

IPS for Y|A⊤X.

•	 R.IPS2: Suppose both �(�1) and �(�2) are dimension re-

duction subspaces for Y |X, and �IPS
�1

 and �IPS
�2

 are the corre-

sponding IPSs. If �(�1) ⊆ �(�2), then �IPS
�1

⊆ �

IPS
�2

 hold.

Let Z = �
− 1∕2(X−E(X)) and �Z spans a dimension reduction 

subspace for Y |Z. R.IPS1 implies that �IPS
�

= �
− 1∕2

�

IPS
�Z

. So, Z 

can be used in its sample estimation, preserving all properties 
of �IPS

�
. R.IPS2 indicates that the IPS for true basis �, which 

spans �Y |X, is minimal among all possible IPSs. It is called the 

central IPS, and denoted by �IPS
Y|X

= �
− 1
�{E(X|�⊤X)−E(X)}. 

When the linearity condition holds for �⊤X, then �IPS
Y |X = �Y |X. 

Thus, the primary objective of Yoo (2016) is to estimate �IPS
Y |X, 

which contains �Y |X and can recover it when the linearity con-

dition holds.

Having set the target to �IPS
Y |X, estimating E(X|�⊤X) = E[E(X|Y, 

, �⊤X)|�⊤X] is crucial. However, because � is unknown, Yoo 
(2016) proposed two estimation methods to replace �⊤X in a 
proper manner: clustering conditional mean (CCM) and par-
tially informative conditional mean (PCM), both of which con-
struct a suitable categorization of the unknown conditioning 
variable. Among them, PCM has shown empirical stability.

PCM constructs a partially informative basis �̂P = (�̂OLS, �̂rpHd) 

∈ ℝ
p× 2 using OLS and residual-based principal Hessian direc-

tions (rpHd; Cook  1998). In practice, PCM categorizes ��⊤
P
X 

into hc groups, and slices Y  into hy bins within each category. 

After that, calculate conditional means Zc,h within each slice, 

and construct the kernel matrix �M =

∑hc
c=1

∑hy
h=1

nc,h

n
Zc,hZ

⊤

c,h 

where nc,h is the sample size of each slice. The leading eigen-
vectors of M̂ then provide the estimated IPS directions.

In short, the IPS framework is designed to contain the cen-
tral subspace without requiring linearity or constant variance 
conditions. Building upon this, we extend the IPS concept 
to survival regression, where censoring further complicates 
the estimation. Details of survival IPS will be discussed in 
Section 3.

2.3   |   Fused SIR in Survival Analysis

The idea of fusing kernel matrices across different slic-
ing schemes was first proposed by Cook and Zhang  (2014). 
Specifically, for a maximal slice number h, fused SIR defines 

where M(k)
SIR

 denotes the kernel matrix of SIR with k slices. 

Because M(h)
FSIR

 is a non-decreasing sequence of M(k)
SIR

, it follows 

that �Y |Z = �(M(k)
SIR
) ⊆ �(M(h)

FSIR
) where k = 2,…, h. Under the 

usual identification assumption, �− 1∕2
�(M(h)

FSIR
) = �Y |X. This 

fused SIR mitigates the sensitivity of SIR to the number of slices 
and achieves more stable estimates.

For survival regression, Yoo (2017) extended fused SIR by intro-
ducing two slicing orders for (Y , �): (i) dividing � into two groups 
and then slicing Y , (ii) slicing Y  first and then dividing � within 
each Y  slice. Yoo (2017) also considered fusing across different 
slice numbers for (Y , �), for example, when the maximal slice 
number is 10, the fused kernel incorporates results from slice 
numbers 4, 6, 8, and 10. Furthermore, Yoo (2019) applied fused 
SIR to the diffuse large–B-cell lymphoma (DLBCL) dataset 
(Rosenwald et al. 2002), demonstrating its empirical usefulness 
in survival prediction.

Finally, Um and Yoo (2020) proposed a selective fusing strategy 
for IPS estimation that combines homogeneous kernel fami-
lies within the same estimation method, rather than mixing 
across different methods. In this framework, kernels derived 
from CCM are fused only with other CCM kernels, and like-
wise for PCM. Accordingly, it provides a theoretical justifi-
cation for fusing PCM-type kernel matrices in our proposed 
approach.

3   |   Non-Elliptical Dimension Reduction in 
Survival Regression

Our target is the survival IPS, defined through IPS with the true 
basis � of �T|X. Under (A1) and (A2) (3), we have �(T ,C)|X = �T|X. 

Following Cook  (2003), we regard the observed data 
(Yi, �i,Xi), i = 1,…,n, as being constructed from n i.i.d. realiza-
tions of (T ,C,X), with (Y , �) defined as in Section 2.1. Because 
(Y , �) is a measurable function of (T ,C), it follows that 
�(Y ,𝛿)|X ⊆ �(T ,C)|X. Thus, the observable regression (Y , �)|X can-
not contain more dimension reduction information than the la-
tent regression (T ,C)|X. Cook  (2003) noted that equality is 
normally expected in practice, whereas proper containment 
would require carefully balanced conditions. A concrete exam-
ple supporting this interpretation is given by Wen (2010): when 
the censoring indicator � contributes no additional dimension 
reduction direction, �(Y ,�)|X and �(T ,C)|X coincide. Hereafter, we 
assume 

With this assumption, the three formulations share a common 
target subspace, which motivates our use of the survival IPS.

Proposition 1.  Define the survival IPS by �IPS
T|X

= �
− 1
�{E 

(X|�⊤X)−E(X)}, i.e., the central IPS for T|X. Then, at the popula-
tion level, 

M
(h)
FSIR

= (M(2)
SIR
,…,M(h)

SIR
)

(5)�(Y ,�)|X = �(T ,C)|X = �T|X.

(6)�T|X⊆�

IPS
(Y,𝛿)|X

=�

IPS
(T,C)|X

=�

IPS
T|X
.
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Proof.  By the definition of IPS, �T|X ⊆ �

IPS
T|X

. Using the same � 

that spans �T|X, the quantity �− 1
�{E(X|�TX)−E(X)} does not 

depend on conditioning through T , (T ,C) or (Y , �). Indeed, by 
the law of iterated expectations, E(X|�TX)=E

[
E(X|�TX,T,C)| 

�TX
]
=E

[
E(X|�TX,Y, �)|�TX

]
, so the resulting IPS is identical in 

all three cases.� □

Therefore, under assumption (5), estimating �IPS
(Y,�)|X

 provides an 
identifiable route to covering the central subspace �T|X = �(�). 
Moreover, we refer to this common IPS in Proposition 1 as the 
survival IPS, which motivates our non-elliptical dimension re-
duction for survival regression.

Although PCM for IPS estimation follows a two-step scheme—
predictor categorization followed by response slicing—the 
second step must be modified in survival settings to the dou-
ble slicing of (Y , �). Under random censoring, however, some 
categories may contain few events or censored observations, 
resulting in small or even empty slices. To address these is-
sues, the next subsections (i) induce more balanced predictor 
categories for X and (ii) use one-dimensional transformations 
of (Y , �) instead of double-slicing.

3.1   |   A Partially Informative Direction 
for Predictor Categorization

To estimate the survival IPS, a feasible and informative surrogate 
for the unknown conditioning variable �⊤X is needed for predictor 
categorization. As in Yoo (2016), PCM constructs partially infor-
mative predictors ��⊤

P
X with �̂P = (�̂OLS, �̂rpHd) (see Section 2.2). In 

survival regression, however, the direct use of ��⊤
P
X is problematic: 

OLS does not account for censoring, and rpHd is not directly appli-
cable to the censored response (Y , �).

To retain the spirit of partial informativeness in a survival set-
ting, we use a Cox proportional hazards (CPH) direction as a 
feasible surrogate for predictor categorization under censoring. 
Let �̂c ∈ ℝ

p× 1 be the CPH coefficient estimated from (Y , �)|X. 
We then categorize predictors by slicing the one-dimensional 
score ��

⊤

c
X into hX groups. The CPH direction is not intended to 

reproduce the specific roles of OLS and rpHd; rather, it is used to 
provide survival-relevant information for constructing predictor 
categories when the original partially informative basis is not 
directly available. This construction makes use of the semi-
parametric structure of the Cox model, which captures the rela-
tionship between T and X without assuming a baseline 
distribution.

Even if the proportional hazards assumption is misspecified, the 
CPH direction still serves as a partially informative surrogate for 
predictor categorization, leading to a loss of estimation accuracy 
rather than a failure of the procedure. In addition, slicing along 
��
⊤

c
X helps produce more balanced predictor groups under censor-

ing, preventing the loss of entirely censored subsets and stabilizing 
the subsequent kernel estimation.

3.2   |   Single Slicing of (Y , �) Through 
Transformation

Even when predictor categories are formed by the CPH score, 
the double-slicing of (Y , �) can leave some slices sparse or empty. 
To obtain more balanced slices, we transform the bivariate re-
sponse into a single variable and then slice it into hy bins. Datta 
et  al.  (2007) suggest two transformation methods for right-
censored data: reweighting of uncensored observations and 
mean imputation for censored ones. Following Datta 
et al. (2007), these transformations are introduced under the log-
time regression setting of an accelerated failure time (AFT) 
model, logTi = 𝛽0 + X⊤

i � + 𝜎𝜀i, where �0 is an intercept, � is a 
regression coefficient vector, and �i is an error term. The ob-
served response is Yi = Ti�i + Ci(1− �i), so when �i = 0, only Ci is 
observed and true Ti is unobserved.

Let S(t) = Pr (T > t) denote the survival function. By the 
Kaplan–Meier estimator, 

where t(1) <⋯ < t(m) are ordered event times, 

ΔN(t(i)) = #{j:Yj = t(i), �j = 1} is event count at t(i), and 

R(t(i)) = #{j:Yj ≥ t(i)} is the risk set just before t(i).

3.2.1   |   Reweighting

To correct the bias from censoring, rarer uncensored observa-
tions at larger times receive larger weights. To be specific, the 
uncensored observations are weighted by the inverse of cen-
soring probability, whereas censored ones contribute 0 (Robins 
and Rotnitzky  1992; Robins and Finkelstein  2000; Satten and 
Datta 2001; Satten et al. 2001).

Let Sc(t) = Pr (C > t) denote the survival function of censoring 
time. By the Kaplan–Meier estimator, 

where 𝜏(1) <⋯ < 𝜏(mc)
 are ordered censoring times and 

ΔNc(�(i)) = #{j:Yj = �(i), �j = 0} is censoring count at �(i). By ap-
plying inverse weighting, 

where “−” denotes a left limit. Thus, uncensored observa-
tions (�i = 1) are weighted by 1∕Ŝc(Yi − ), otherwise contrib-
ute 0. In the above log-time regression framework, under 
C⊥⊥ (T ,X) , E (Yr,i|X) ≈ E ( logTi|X) (Koul et  al.  1981; Datta 
et al. 2007). Thus, Yr is used as a one-dimensional transformed 
response to facilitate stable slicing under censoring.

Ŝ(t) =
∏

t(i) ≤ t

{

1−
ΔN(t(i))

R(t(i))

}

,

(7)Ŝc(t) =
∏

𝜏(i) ≤ t

{

1−
ΔNc(𝜏(i))

R(𝜏(i))

}

,

Yr,i =
𝛿i log (Yi)

Ŝc(Yi − )
,
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3.2.2   |   Mean Imputation

Under right-censoring, the usual moment-based sample means 
are generally inconsistent. To address this, Datta  (2005) pro-
pose imputing censored observations by their conditional 
expectation.

We use Ŝ(t) from the above notation. For censored observations 
(�i = 0), compute 

where ΔŜ(t(j)) is the jump size of Ŝ at time t(j). If the largest 
observed time is censored, we adopt the convention of treating 
it as an event to close the Kaplan–Meier tail, ensuring that the 
sum over t(j) > Yi is well-defined. Finally, define the imputed 
response 

Under the same log-time regression framework, 
E(Ym,i|X)≈E( logTi|X). Thus, Ym is also used as a one-
dimensional transformed response for slicing under censoring.

We emphasize that the transformed responses Yr and Ym are 
introduced to obtain more balanced one-dimensional slicing 
variables under censoring. Because they are motivated through 
approximations to E( logT|X), their role is primarily mean-
based on the log-time scale. Nevertheless, the corresponding 
mean structure is still contained in the central subspace of T|X 
(Cook and Li 2002). The transformed slicing step is used within 
the survival IPS framework, whose target is an upper bound of 
�T|X. If a location regression holds for logT|X, then the corre-
sponding central mean subspace coincides with the full cen-
tral subspace; however, such a condition is not required for our 
development.

3.3   |   Fused CPH With 
Transformation-Mean Method

Estimation based on a single choice of slice numbers can be 
unstable; heavy censoring often yields unbalanced slices even 
after transforming (Y , �) to Yr or Ym. To reduce sensitivity to the 
number of slices, we fuse kernel information over multiple slic-
ing schemes. We next describe the estimation target based on 
predictor and response slicing, the recommended slice-number 
choices and the fused kernel estimation used in the proposed 
fused CPH with transformation-mean methods.

Now, the proposed procedure is based on the following 
population-level quantity induced by a single response given the 
CPH direction: 

Following the partial informativeness logic of Yoo (2016), this 
quantity is expected to serve as an upper bound of the survival 
IPS �IPS

T|X
.

Unlike standard SDR, where slicing is mainly used to discretize 
the response, the slicing of ��

⊤

c
X here serves a different role. It 

provides the predictor categorization required in the spirit of 
PCM for IPS estimation, by using ��

⊤

c
X as a feasible and partially 

informative surrogate for the unknown conditioning variable 
�⊤X. Within each predictor group, slicing Yr or Ym then discret-
izes the transformed response. This is also useful under non-
elliptical predictors, because predictor categorization can reveal 
conditional mean patterns that may be obscured if one relies on 
response slicing alone.

We recommend choosing hX and hy from the set {2, 3, 4} rather 
than using arbitrary numbers of slices, where hX denotes the 
number of slices for ��

⊤

c
X and hy denotes the number of slices for 

Yr or Ym. Here, the total number of slices is hX × hy. If arbitrary 
slice numbers are allowed, then unless the sample size is very 
large, over-categorization may produce sparse or empty slices and 
lead to severe imbalances. This in turn inflates the variability 
of the resulting kernel matrix estimation. For this reason, we 
exclude (hX , hy) = (4, 4) and use �={(2, 2), (2, 3), (2, 4), (3, 2), 

(3, 3), (3, 4), (4, 2), (4, 3)}. This choice follows the practical rec-
ommendations for PCM and fused estimation in Yoo (2016) and 
Um and Yoo (2020).

Let X̃ ∈ {1,…, hX} denote the slice index from ��
⊤

c
X, and within 

each predictor slice, let Ỹ ∈ {1,…, hy} denote the slice index 

from Yr or Ym. We use standardized predictors ̂Zi = �̂
− 1∕2

(Xi −X) 
where �̂ is the sample covariance matrix of X and X is the 
sample mean vector. For a fixed (hX , hy) ∈ �, we then form 

slice means Zc,h = Ê ( Ẑi|X̃ = c , Ỹ = h) within each slice and 
nc,h denotes its sample size. The corresponding kernel matrix 
is the weighted sum of outer products of slice means over all 
hX × hy slices: 

To mitigate slice number sensitivity, we aggregate information 
across all (hX , hy) ∈ �. The fused kernel matrix is 

Let �̂d1 = {�̂1,…, �̂d} be the eigenvectors corresponding to the 
first d largest eigenvalues of M̂F. Finally, we back-transform the 

estimated directions to the original scale as �̂ = �̂
− 1∕2

�̂
d
1, which 

spans the estimated survival IPS. The resulting ��⊤X serve as 
sufficient predictors for subsequent analysis.

We consider three variants that differ only in the response 
transform: (i) fused CPH with reweighting transformation-
mean method (fC-rtm) with Yr; (ii) fused CPH with mean im-
putation transformation-mean method (fC-mtm) with Ym; (iii) 
fused CPH with all transformation-mean method (fC-atm), 

(8)Y ∗
i = Ŝ(Yi)

− 1
∑

t(j) >Yi

log (t(j))ΔŜ(t(j)),

Ym,i = �i logYi + (1− �i)Y
∗
i .

�
− 1
�{E(E(X|Yr, �

⊤

c
X)|�⊤

c
X)}

or �
− 1
�{E(E(X|Ym, �

⊤

c
X)|�⊤

c
X)}.

�M(hX ,hy)
=

hX∑

c=1

hy∑

h=1

nc,h

n
Zc,hZ

⊤

c,h.

M̂F =
∑

(hX ,hy)∈�

M̂(hX ,hy)
.
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which is obtained by summing two fused kernel matrices from 
(i) and (ii).

For clarity and interpretability, we focus on d = 1 throughout 
the paper, corresponding to a single-index reduction. The CPH 
coefficient �̂c is used to guide slicing under censoring, and the 
proposed fused estimator can be extended to d > 1 by extract-
ing the leading d eigenvectors of the fused kernel matrix. As a 

simple adequacy check for d = 1, let �̂1 ≥ �̂2 ≥⋯ denote the ei-
genvalues of the fused kernel matrix. A pronounced drop after 
the first eigenvalue, such as a large value of �̂1∕�̂2, suggests that 
a one-dimensional structure is reasonable.

4   |   Numerical Studies and Data Analysis

4.1   |   Numerical Studies

We consider two versions of the predictor and three survival re-
gressions based on the AFT model. Predictors are designed to 
compare whether the linearity or coverage conditions are satis-
fied or not. For the elliptical predictor, XE = (X1,…,Xp)

⊤ with 

(X1,…,Xp)
iid
∼N(0, 1). For the non-elliptical predictor, which was 

inspired by Yoo (2016), XNe = (X1,…,Xp)
⊤ is constructed by 

U1∼Unif(0, 1), e∼Unif(− 0. 5, 0. 5), U2= log(U1)+e, (W1,W2,W3)
iid
∼N(0, 1), and X1=U1+U2, X2=U2+0. 7 W2+0. 3 W3, X3=W1,

X4 =U1+W2, X5=W3 −W2, (X6,…,X10)
iid
∼exp(1), (X11,…,Xp)

iid
∼N(0, 1), with the convention that empty index ranges are 
omitted. For each predictor design, we assess ellipticity via the 
Mahalanobis QQ plot (Mardia 1970): D2

i = (Xi −X)
⊤��

− 1
(Xi −X) 

versus �2
p quantiles. Figure 1 shows approximate linear align-

ment for XE, whereas XNe exhibits a clear lack of ellipticity.

With this predictor setting, we generate (Y , �) from the following 
three models. Models I and II follow log-normal structures and 
Model III follows a Weibull structure. For Models II and III, we 
introduce nonlinearity between T and X through trigonometric 
products. 

Model I : T|X
iid
∼exp{2�⊤1X+0. 1𝜀}, 𝜀∼N(0, 1),

Model II: T|X
iid
∼exp{f(�⊤1X)+0. 1𝜀}, 𝜀∼N(0, 1),

f(�⊤1X)= sin(�
⊤

1X)+cos(�
⊤

1X),

Model III : T|X
iid
∼Weibull(2, exp{f(�⊤2X)}),

f(�⊤2X)= sin(�
⊤

2X)+cos(�
⊤

2X),

FIGURE 1    |    Mahalanobis QQ plots (Mardia 1970) comparing elliptical predictor XE and non-elliptical predictor XNe.

Algorithm 1.  Fused Cox PH with 
transformation-mean method.

  1. Fit a CPH model to obtain �̂c and construct ��
⊤

c
X.

  2. Transform (Y , �) to Yr or Ym.

  3. For each choice of hX ∈ {2, 3, 4}, slice ��
⊤

c
X into hX slices 

      to define X̃ .
  4. For each X̃  and corresponding choice of hy ∈ {2, 3, 4}, 

      slice Yr or Ym into hy slices to define Ỹ .

  5. Obtain Ẑi = �̂
− 1∕2

(Xi −X) for i = 1,…,n.

  6. Compute Zc,h = Ê ( Ẑi|X̃ = c , Ỹ = h) within each slice.
  7. Calculate the kernel matrix for each pair of (hX , hy): 

  8. Form the fused kernel matrix 

  9. Let �̂d1 = {�̂1,…, �̂d} be the first d eigenvectors of M̂F.

10. Set �̂ = �̂
− 1∕2

�̂
d
1, which spans the estimated survival 

      IPS.
11. (fC-atm only) Run Steps 2–8 with Yr and Ym , 

respectively; sum the two resulting M̂F and then apply 
Steps 9–10.

M̂(hX ,hy)
=

hX∑

c= 1

hy∑

h= 1

nc,h

n
Zc,hZ

T

c,h.

M̂F =
∑

(hX ,hy)∈�

M̂(hX ,hy)
.
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7 of 15Stat, 2026

where a censoring variable C is also generated from log-normal 
distribution exp{N(c0, 2)} so that C⊥⊥ (T ,X) , Y = T𝛿 + C

( 1 − �) and 𝛿 = I(T < C).

The true directions are �1=
�

1∕
√
10
�

(2, − 1, 0, − 1, 2, 0,…, 0)⊤ 

and �2 =
�

1∕
√
5
�

(1, − 1, − 1, 1, 1, 0,…, 0)⊤. Constant c0 from C 

is tuned to achieve target censoring rates. Unless otherwise 
noted, we set the sample size and predictor dimension as 
(n, p) = (800, 10), the censoring rate at 50% and the structural 
dimension to d = 1.

The three proposed fused CPH methods—fC-rtm, fC-mtm 
and fC-atm—are applied for each model. Their performances 
are compared with bivariate SIR (Cook  2003), SIR with 
transformed response Yr or Ym (SIR-rtm and SIR-mtm; Yoo 
et al. 2016), and fused SIR for survival regression (Yoo 2017). 
In our method, we consider a maximum of 12 slices obtained 

from � = {(2, 2), (2, 3), (2, 4), (3, 2), (3, 3), (3, 4), (4, 2), (4, 3)} and 
aggregate the information. For fair comparison, we set the 
number of slices to 12 for bivariate SIR, SIR-rtm and SIR-
mtm. For fused SIR, we fuse the two kernel matrices from 
Section  2.3, (i) dividing � and then slicing Y ; (ii) slicing Y  
and then dividing �. We also set the maximal slice number for 
(Y , �) to 12 so that the results from slice numbers 4, 6, 8, 10 and 
12 are incorporated.

To measure how well the true � is estimated, we consider trace 
distance rD from trace correlation (Hooper  1959): r(�̂, �) 

=

√

trace
(

��(��
⊤
��)− 1��

⊤
�(�⊤�)− 1�⊤

)

, where rD(�̂, �) = 1− r(�̂, �). 

Smaller rD implies better estimation and ranges from 0 to 1.

Figures 2–4 show boxplots of rD(�̂, �) for Models I–III over 100 
replicates, and the corresponding median values are reported 
in Table 1. Across all scenarios, the fused CPH family attains 

FIGURE 2    |    Boxplots of trace distance rD(�̂, �) for Model I under (n, p) = (800, 10) and 50% censoring. The y-axis is shown on a logarithmic scale. 
Method: bSIR = bivariate SIR (Cook 2003); SIR-r = SIR-rtm (Yoo et al. 2016); SIR-m = SIR-mtm (Yoo et al. 2016); fSIR = fused SIR (Yoo 2017); fC-r 
= fC-rtm; fC-m = fC-mtm; fC-a = fC-atm.

FIGURE 3    |    Boxplots of trace distance rD(�̂, �) for Model II under (n, p) = (800, 10) and 50% censoring. The y-axis is shown on a logarithmic scale. 
Method: bSIR = bivariate SIR (Cook 2003); SIR-r = SIR-rtm (Yoo et al. 2016); SIR-m = SIR-mtm (Yoo et al. 2016); fSIR = fused SIR (Yoo 2017); fC-r 
= fC-rtm; fC-m = fC-mtm; fC-a = fC-atm.
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8 of 15 Stat, 2026

the smallest medians and the tightest interquartile ranges of 
rD. Under the elliptical designs (Figures  2a–4a), all methods 
estimate � similarly, yet the fused approaches are less de-
pendent on the choice of slice numbers and provide slightly 
better estimates. In contrast, under the non-elliptical designs 
(Figures  2b–4b), SIR-based methods become highly variable 
as the linearity condition fails, leading to wide ranges of rD, 
whereas the fused CPH variants remain stable. SIR-rtm shows 
the largest variability in Figure 3b; this is expected because the 
reweighting transformation assigns zero values to censored 
observations, leading to unbalanced slice sizes. In the same 
settings, fC-rtm remains stable by jointly slicing ��

⊤

c X and Yr, 
which helps balance slice sizes.

To assess sensitivity, we vary (n, p)∈{500, 800, 1100}×{5, 10, 
15, 20} and tune c0 to target censoring rates of 30%, 50% and 
70%. To examine a small sample setting where n and p are rel-
atively close, we additionally report n = 100 for 30% and 50% 
censoring. Tables 2–4 summarize the mean trace distance of 
fC-atm for Models I–III over 100 replications. With XNe, mean 
trace distance increases relative to the elliptical cases, but the 
degradation is modest; for n ≥ 500, the corresponding trace 
correlation typically exceeds 0.95. Figure  5 further shows 
the trends of rD for Model II over the full censoring grid (10%, 
30%, 50%, 70%, 90%): larger n uniformly reduces rD, heavier 

censoring inflates rD although notable at 90%. Overall, fC-atm 
remains stable across (n, p) settings and censoring rates.

4.2   |   Data Analysis: DLBCL Data

We analyse the DLBCL (DLBCL; Rosenwald et al. 2002) cDNA 
microarray dataset of exprLym, which contains 3581 genes 
measured from 190 patients, available in Biobase R package 
(Huber et al. 2015). For each patient, the survival time ranges 
from 0 to 21.8 years, with an overall censoring rate of 41.05%. 
Yoo  (2019) demonstrated that fused SIR effectively captures 
gene expression structures on this data, supporting its validity 
for survival SDR. For preprocessing, we (i) discard genes with 
more than 10% missing values, (ii) impute remaining gene-wise 
missings by the gene mean and (iii) standardize each gene to 
zero mean and unit variance.

We adopt threefold cross-validation with training size ntr = 127 
and test size nte = 63 per fold and implement a two-stage reduc-
tion. Because p is much larger than n, we first compute the lead-
ing k principal component (PC) scores from the training set. Let 

�̂k ∈ ℝ
3581× k denote the rotation matrix. We form ��

⊤

kXtr and 

project the test set as ��
⊤

kXte. To examine how the initial PC re-

TABLE 1    |    Median trace distance rD(�̂, �) for Models I–III under (n, p) = (800, 10) and 50% censoring, corresponding to Figures 2–4. Method: 
bSIR = bivariate SIR (Cook 2003); SIR-r = SIR-rtm (Yoo et al. 2016); SIR-m = SIR-mtm (Yoo et al. 2016); fSIR = fused SIR (Yoo 2017); fC-r = fC-rtm; 
fC-m = fC-mtm; fC-a = fC-atm.

XE XNe

bSIR SIR-r SIR-m fSIR fC-r fC-m fC-a bSIR SIR-r SIR-m fSIR fC-r fC-m fC-a

Model I 0.0021 0.0030 0.0018 0.0019 0.0007 0.0007 0.0007 0.0106 0.0129 0.0085 0.0092 0.0028 0.0024 0.0027

Model II 0.0076 0.0077 0.0066 0.0067 0.0026 0.0021 0.0022 0.0413 0.0599 0.0451 0.0405 0.0239 0.0196 0.0197

Model III 0.0130 0.0141 0.0122 0.0117 0.0061 0.0056 0.0057 0.0156 0.0153 0.0131 0.0143 0.0076 0.0076 0.0076

FIGURE 4    |    Boxplots of trace distance rD(�̂, �) for Model III under (n, p) = (800, 10) and 50% censoring. The y-axis is shown on a logarithmic scale. 
Method: bSIR = bivariate SIR (Cook 2003); SIR-r = SIR-rtm (Yoo et al. 2016); SIR-m = SIR-mtm (Yoo et al. 2016); fSIR = fused SIR (Yoo 2017); fC-r 
= fC-rtm; fC-m = fC-mtm; fC-a = fC-atm.
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duction affects predictive performance, we report results for 
k ∈ {20, 40, 100}. The choice k = 40 is particularly motivated by 
Li and Li  (2004), who analysed the same DLBCL data and re-
ported no strong violation of the linearity condition in the re-
duced predictors with 40 PCs.

For each k, we compare four one-dimensional approaches: full 
CPH, bivariate SIR, fused SIR and fC-atm, where full CPH de-
notes the Cox model fitted on all k PC scores ��

⊤

kXtr. Performance 
is assessed by time-dependent areas under the ROC curves, 
evaluated over follow-up times from 1 to 10 years on both train-
ing and test folds.

Figures  6–8 report the time-dependent areas under the ROC 
curves for k = 20, 40 and 100, respectively. On the training 
folds, full CPH generally performs well across the three choices 
of k, which is expected because it is fitted directly on all k PC 
scores. On the test folds, fC-atm shows the best out-of-sample 
discrimination at k = 20 in Figure 6b, whereas both full CPH 
and fused SIR are lower. This suggests that, for smaller k, non-
elliptical features may remain more pronounced in the reduced 

predictors, so the practical advantage of our proposed method 
becomes clearer. At k = 40 in Figure 7b, the predictive perfor-
mances of full CPH, fused SIR and fC-atm become closer, with 
fC-atm remaining slightly better. This is consistent with the 
analysis of Li and Li  (2004) based on 40 PCs, a setting more 
favourable to fused SIR. At k = 100 in Figure 8b, fused SIR gives 
the best out-of-sample performance, whereas fC-atm and full 
CPH remain broadly comparable. Across all three choices of k, 
bivariate SIR is generally less competitive than the other meth-
ods on both training and test folds. Thus, the data example il-
lustrates that the proposed method offers a practical advantage 
when the linearity condition is less plausible in the reduced pre-
dictors while still showing robust performance as k increases.

5   |   Discussion

In this paper, we addressed SDR for survival regression under 
non-elliptical predictors. Our target was the survival IPS, which 
contains the central subspace without requiring the linearity, 
constant variance or coverage conditions.

FIGURE 5    |    Mean trace distance of fC-atm for Model II across different (n, p) settings, at censoring rates 10%, 30%, 50%, 70% and 90%.
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13 of 15Stat, 2026

FIGURE 6    |    For the DLBCL dataset, time-dependent areas under the ROC curves for k = 20 in the training and test folds. Method: full = full CPH; 
bSIR = bivariate SIR (Cook 2003); fSIR = fused SIR (Yoo 2017); fC-a = fC-atm.

FIGURE 7    |    For the DLBCL dataset, time-dependent areas under the ROC curves for k = 40 in the training and test folds. Method: full = full CPH; 
bSIR = bivariate SIR (Cook 2003); fSIR = fused SIR (Yoo 2017); fC-a = fC-atm.

FIGURE 8    |    For the DLBCL dataset, time-dependent areas under the ROC curves for k = 100 in the training and test folds. Method: full = full 
CPH; bSIR = bivariate SIR (Cook 2003); fSIR = fused SIR (Yoo 2017); fC-a = fC-atm.
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We proposed three estimators—fC-rtm, fC-mtm and fC-atm—
that (i) form predictor categories along a Cox direction; (ii) 
one-dimensional transformations of bivariate response (Y , �) 
(reweighting or mean imputation) to obtain more balanced 
slices; and (iii) fuse kernel matrices across multiple numbers of 
slices to reduce sensitivity.

Numerical studies demonstrated that the fused CPH methods 
consistently outperform existing SIR-based competitors, par-
ticularly under non-elliptical predictors. Sensitivity analysis 
further confirmed that performance is robust across (n, p) and 
censoring rates, with only mild degradation under heavy cen-
soring. In the DLBCL study, our proposed methods also showed 
a practical advantage when the reduced predictors were less 
favourable to the linearity condition while remaining robust 
across different PC dimensions.

Therefore, the fused CPH family provides a practical approach 
to SDR in survival regression. One limitation is that the cur-
rent paper focuses on a single-index structure with d = 1 and 
does not provide a formal dimension selection theory for d > 1. 
Extending the methodology to higher structural dimensions and 
developing selection procedures are important directions for fu-
ture research. Another promising extension is to adapt the sur-
vival IPS framework to more complex survival settings, such as 
competing risks.
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